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Abstract 

We prove that for N = 6 and N = 10, there do not exist any non-zero semistable 
abelian varieties over Q with good reduction outside primes dividing N. Our results 
are contingent on the GRH discriminant bounds of Odlyzko. Combined with recent 
results of Brumer-Kramer and of Schoof, this result is best possible: if N is square- 
free, there exists a non-zero semistable abelian variety over Q with good reduction 
outside primes dividing TV" precisely when N £ {1, 2, 3, 5, 6, 7, 10, 13}. 1 

1 Introduction. 

In 1985, Fontaine [3] proved a conjecture of Shafarevich to the effect that there do 
not exist any nonzero abelian varieties over Z (or equivalently, abelian varieties A/Q 
with good reduction everywhere). Fontaine's approach was via finite group schemes 
over local fields. In particular, he proved the following theorem: 

Theorem 1.1 (Fontaine) Let G/ be a finite flat group scheme over 7L\ killed by I. 
Let L = Qi(Gi) := %(Gi (Qj)). Then 

i 



I - 1 

where v is the valuation on L such that v(l) = 1, and ^l/Qi ^ s ^ e different of L/Qi. 

If Gi is the restriction of some finite flat group scheme G/Z then Q(G) is a fortiori 
unramified at primes outside I. In this context, the result of Fontaine is striking 
since it implies that the field Q(G) has particularly small root discriminant. If A/Q 
has good reduction everywhere, then it has a smooth proper Neron model A./Z, and 
G := v4[Z]/Z is a finite flat group scheme. Using the discriminant bounds of Odlyzko 
Fontaine showed that for certain small primes I, for every n, either A/Z or 
some isogenous abelian variety has a rational /"-torsion point. Reducing A modulo 
p for some prime p of good reduction (in this case, any prime), one finds abelian 
varieties over F p with at least l n rational points. One knows, however, that isogenous 
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abelian varieties over ¥ p have an equal and thus bounded number of points. This 
contradiction proves that cannot exist. 

If one considers abelian varieties A/Q such that A has good reduction outside 
a single prime p, one can no longer expect nonexistence results. Indeed, there ex- 
ist abelian varieties with good reduction everywhere except at p. One such class 
of examples are the Jacobians of modular curves Xo(p n ), which have positive genus 
for every p and sufficiently large n. A natural subclass of abelian varieties, how- 
ever, are the semistable ones. By considering the modular abelian varieties Jq(N), 
one finds nonzero semistable abelian varieties over Q which have good reduction 
outside N for all squarefree N ^ {1,2,3,5,6,7,10,13}. A reasonable conjecture to 
make is that there are no semistable abelian varieties over Z[l/iV] for N in this set. 
Fontaine's Theorem is the case N = 1. Recently Brumer and Kramer proved 
this statement for N £ {2,3,5,7}, and (by quite different methods) Schoof J2] for 
N £ {2,3,5,7,13}. In this paper, we treat the remaining cases N € {6,10}, and 
prove the following theorems: 

Theorem 1.2 Let A/Q be an abelian variety with everywhere semistable reduction, 
and good reduction outside 2 and 3. If the GRH discriminant bounds of Odlyzko hold, 
then A has dimension 0. 

Theorem 1.3 Let A/Q be an abelian variety with everywhere semistable reduction, 
and good reduction outside 2 and 5. If the GRH discriminant bounds of Odlyzko hold, 
then A has dimension 0. 

We note that in Fontaine [2], Brumer-Kramer [Q and Schoof ^2]> the GRH is not 
assumed. Our technique for proving these results is linked strongly to the ideas in 
Brumer-Kramer and Schoof ^2] 5 and thus we consider it important to briefly 
recall the main ideas of these papers now. Schoof's approach is similar in spirit to 
Fontaine's. Instead of working with finite flat group schemes over Z, one considers 
finite flat group schemes over Z[|], where p is prime. In order to restrict to the class 
of group schemes possibly arising from non-semistable abelian varieties, one uses the 
following fact due to Grothendieck ([I], Expose IX, Prop. 3.5): 

Theorem 1.4 (Grothendieck) Let A be an abelian variety overQ with semistable 
reduction at p. Let I p C Gal(Q/Q) denote a choice of inertia group at p. Then the 
action of I p on the l n -division points of A for I ^ p is rank two unipotent; i.e., as 
an endomorphism, for a £ I p , 

(a - l) 2 A[r\ = 0. 

In particular, Z p acts through its maximal pro-l quotient, which is procyclic. 

Thus one may restrict attention to finite flat group schemes G/Z[|] of /-power order 
such that inertia at p acts through its maximal pro-/ quotient. The key step of 
Schoof's approach is to show that any such group scheme admits a filtration by the 
group schemes Z/ZZ and Using this filtration, along with various extension results 
(in the spirit of Mazur 0, in particular Proposition 2.1 pg. 49 and Proposition 4.1 
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pg. 58) for group schemes over Z[-], one shows as in Fontaine that for each n, 
some abelian variety isogenous to A has rational torsion points of order l n . The 
approach of Brumer and Kramer is quite different. Although, as in Schoof and 
Fontaine, they use discriminant bounds to control Q(A[Z]) for particular I, they seek 
a contradiction not to any local bounds but to a theorem of Faltings. Namely, they 
construct infinitely many pairwise non isomorphic but isogenous abelian varieties, 
contradicting the finiteness of this set (as follows from Faltings Satz 6, pg. 363). 
The essential difference in the two approaches, however, is that Brumer and Kramer 
use the explicit description of the Tate module T/ of A at a prime p of semistable 
reduction. Such a description is once more due to Grothendieck (!]. 

Both of these approaches fail (at least naively) to work when N = 6 or 10. 
Using Schoof 's approach one runs into a problem (when N = 10) because (13 admits 
non- isomorphic finite flat group scheme extensions by Z/3Z over Z[^j], whereas no 
nontrivial extensions exist over either Z[^] or Z[|]. One difficulty that arises in 
Brumer and Kramer's approach is that the field Q(^4[3]) fails to have a unique prime 
above the bad primes 2 or 5, as fortuitously happens in the cases they consider. We 
combine both methods, as well as some new ideas, to prove our results. In the next 
section we recall some definitions and results from Brumer and Kramer's paper. 

1.1 Notation. 

Let p be a prime number. Let V p = Gal(Q p /Q p ) denote the local Galois group 
at p. For a Galois extension of global fields L/Q, we denote a decomposition group 
at p by V P (L/Q). This is well defined up to conjugation, or equivalently, up to 
an embedding L <^-» Q p which we shall fix when necessary. In the same spirit, let 
l p = Gal(Q p /Qp nr ), and let T p (L/Q) be an inertia group at p as a subgroup of 
T>p(L/Q) and of Gal(L/Q). One notes that Z p is normal in D p . For any P p -module 
M, let M denote M/IM; it is a D p -module killed by I. We shall use M to denote 
a Gal(Q/Q)-module killed by I constructed functorially from M. A "finite" group 
scheme G/R will always mean a group scheme G finite and flat over Spec R. For an 
abelian variety A, let A denote the dual abelian variety. 

2 Local Considerations. 
2.1 Preliminaries. 

In this section we introduce some notation and results from the paper of Brumer and 
Kramer pQ. 

Let A/Q be an abelian variety of dimension d > with semistable reduction at 
p. Let I be a prime different from p, and consider the Tate module Ti(A/Q p ). Let 
Mf(p) = TiiA/Qp) 1 ?, and let M t {p) be the submodule of T ; (y4/Q p ) orthogonal to 
Mf(j>)(A) under the Weil paring 

e-.T^A) xT ; (i) — »Z,(1). 
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In Brumer and Kramer, these modules were referred to as M\ and M2 respectively. 
Following a suggestion, we use instead the hopefully more suggestive notation M / 
(/ for finite or fixed) and Mt (t for toric). Since A is semistable, there are inclusions 

^ M t (p) Q M f (p) QT^A/Qp). 

Since T p is normal in V p , the groups Mfip) and Mtip) are V p = Gal(Q p /Q p )- 
modules. Let «4/Z be the Neron model for A. Let A^ p be the connected component 
of the special fibre of A at p. It is an extension of an abelian variety of dimension a p 
by a torus of dimension t p = d — a p . One has rank(A / it(p)) = t p and rank(.M/(p)) = 
t p + 2a p = d + a p . 

Definition 2.1 (Brumer— Kramer) Let A be an abelian variety with bad reduction 
at p. Let i(A,l,p) denote the minimal integer n > 1 such that Q p (A[l n ]) is ramified 
at p. Calli(A,l,p) the "effective stage of inertia" . 

We note that i(A, l,p) is finite by the criterion of Neron-Ogg-Shafarevich. 

Let $>a(p) = (A/ A°)(¥ p ) be the component group of A at p. For a finite group G, 
let ordz(G) denote the largest exponent d such that l d divides the order of G. Recall 
the following result from PQ: 

Theorem 2.2 (Brumer— Kramer) Let A be a semistable abelian variety with bad 
reduction at p. Let Mfip) and Mtip) denote the projections of Mfip) and Mtip) 
to A[l]. Suppose that k is a Gal(Q p /Q p )-submodule of A[l] and let (f> : A — ► A' be a 
Qp-isogeny with kernel k. Then 

ordj(<l>^,(p)) — ord/(3>^(p)) = dim(K n Mtip)) + dim(K C\Mf(p)) — dim k. 

Moreover, if Mtip) ^ K Q Mf[p), then i(A' ,l,p) = i(A,l,p) + 1. 

By taking k to be a proper Gal(Q/Q) submodule of A[l], Brumer and Kramer 
use this theorem to construct infinitely many non-isomorphic varieties isogenous to 
A over Q. This contradicts Faltings' Theorem. Although we shall also use Faltings' 
Theorem, our final contradiction will come from showing that A (or some isogenous 
abelian variety) has too many points over some finite field, contradicting Weil's Rie- 
mann hypothesis, much as in the approach of Schoof [T^]. We shall also make use of 
the following lemma. 

Lemma 2.3 Let a G X p . The image of (a — 1) acting on T;(^4) lies in Mt(A). The 
image of (a — 1) on A[l] lies in Mtip)- 

Proof. Let y G Mf(p)(A), and x G T t (A). Then e((er - l)x,y) = e(x CT , y)/e(x, y). 
Since both y and Zj(l) are fixed by a, we conclude that 

e((cr - l)x,y) = eix (7 ,y (7 )/eix,y) = e(x, y) CT /e(x, y) = 1. 

Thus (<T — l)x G Mtip)- The second statement of Lemma 12.31 follows from the first. 
□ 
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2.2 Results. 



In proving Theorem 11.21 (or II. Hj) , we may assume that A has bad reduction at both 2 
and 3 (respectively, both 2 and 5), since otherwise we may apply the previous results 
of Brumer-Kramer , Schoof j or Fontaine [3] ■ 

The proof of Theorem 11.31 is very similar to the proof of Theorem 11.21 although 
some additional complications arise. Thus we restrict ourselves first to the case 
N = 6, and then later explain how our proof can be adapted to work for N = 10. 
One main ingredient is the following result, proved in section |21 

Theorem 2.4 Let G/Z[g] be a finite group scheme of 5-power order such that: 

1. Inertia at 2 and 3 acts through a cyclic 5-group. 

2. The action of inertia on the subquotients G[5 n ](Q)/G[5 n_1 ](Q) is through an 
order 5 quotient for all n. 

Assume the GRH discriminant bounds of Odlyzko. Then G has a filtration by the 
group schemes Z/5Z and fA$. Moreover, if G is killed by 5, then Q(G) C K, where 
K :=Q(Z/2,n,( 5 ). 

In particular, if A/Q is a semistable abelian variety with good reduction outside 
2 and 3, and A/Z is its Neron model, then by Theorem 11.41 the conditions of Theo- 
rem are satisfied by the finite group scheme ^4[5 n ]/Z[|] for each n. Thus »4[5 n ] 
has a filtration by the group schemes Z/5Z and /U5, and Q(j4[5]) C K. These results 
and their proofs are of the same flavour as results in Schoof [12] . One such result 
from that paper we use explicitly is the following (a special case of Theorem 3.3 and 
the proof of Corollary 3.4 in loc. cit.): 

Theorem 2.5 (Schoof) Let p = 2 or 3. Let G/Z[~] be a finite group scheme of 
5-power order such that inertia at p acts through a cyclic 5-group. Then G has 
a filtration by the group schemes Z/5Z and ^5. Moreover, the extension group 
Exfr^BiZ/SZ) of group schemes over Z[-] is trivial, and there exists an exact se- 
quence of group schemes 

— > M — >G — >C — >0 

where M is a diagonalizable group scheme over Z[^], and C is a constant group 
scheme. 

In sections 12.31 12.41 and 12.51 we shall assume there exists a semistable abelian 
variety A/7*[-^], and derive a contradiction using Theorem 12.41 

2.3 Construction of Galois Submodules. 

The proof of Brumer and Kramer relies on the fact that for abelian varieties with 
bad semistable reduction at one prime p G {2,3,5,7}, there exists an I such that 
there is a unique prime above p in Q(^4[i]). In this case, the P p -modules M.f(p) and 
M.t{p) are automatically Gal(Q/Q)-modules, and so one has a source of Gal(Q/Q)- 
modules with which to apply Theorem 12.21 This approach fails in our case, (at 
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least if I = 5) since Theorem 12.41 allows the possibility that Q(j4[5]) could be as big 
as K := Q(2 1 / 5 , 3 1 / 5 , C5), and 2 and 3 split into 5 distinct primes in Ok- On the 
other hand, something fortuitous does happen, and that is that the inertia subgroups 
X p (X/Q) for p = 2, 3 are normal subgroups of Gal(ET/Q), when a priori they are 
only normal subgroups of T> P (K/Q). Using this fact we may construct global Galois 
modules from the local 2? p (i^/Q)-modules M.f{p) as follows. 

Lemma 2.6 Let F = Q(A[/]), V = Gal^/Q), and H C r be a normal subgroup 
of r. Let M be a subgroup of A[l] fixed pointwise by H. Let M be the Gal(Q/Q)- 
submodule generated by the points of M. Then Q(A4) C E, where E is the fixed field 
"f II. 

Proof. By Galois theory, it suffices to show that A4 is fixed by H. This result 
is a special case of the more general fact: If H is any normal subgroup of T, then 
any T-module generated by if-invariant elements is itself ff-invariant. Any sum of 
elements fixed by H is clearly fixed by H. Thus it remains to show that any element 
gP with g € T is also fixed by H. For this we observe that 

h(gP)=g(g- 1 hgP)=gP 

since g~ l hg G H. □ 



Definition 2.7 LetM.Ap) be the Gal(Q/Q) -module generated by A4f(p), considered 
as a subgroup of A[l] after choosing some embedding Q w Q p . 

Since all embeddings Q <^-> Q p differ by an automorphism of Q, we find that Ai f (p) 
does not depend on the choice of embedding, although M.f(p) does, in general. We 
note that by Faltings theorem, there exist only finitely many abelian varieties over 
Q isogenous to A. Thus is makes sense to chose a representative from the isogeny 
class of A that is maximal with respect to any well defined property. 

Lemma 2.8 Suppose that ord^(^ ^(2)) is maximal amongst all abelian varieties isoge- 
nous to A. Then 

1. j4[5] is unramified at 2 

2. There is an exact sequence 

— ► ^ — ► A[h] — ► (Z/5Z) n — ► 

with m + n = 2d. Moreover, m = n = d. 

Similarly, if A is chosen such that ord5(<I>^(3)) is maximal, then A[5] is unramified at 
3 and statement 2 still holds. Finally, A and any variety isogenous to A has ordinary 
reduction at 5. 
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Since I p (K/Q) is a normal subgroup of Gal(K/Q), Lemma l2~7Jl implies that 

®(M f (2)) C Q(C 5 , 3 1 / 5 ), ®(M f (3)) C Q(C 5 , 2 1 / 5 ). 

We now apply Theorem |2~21 with k = -M/(2). Let A' = A/k. Since k is a Gal(Q/Q) 
module A' is an abelian variety over Q. We see that 

ord 5 ($ j 4,(2)) - ord 5 ($ 4 (2)) = dim KDM t (2) +dim «nAT/(2) - dim «. 

Since by construction .Mi (2) C M/(2) C k, the right hand side is equal to 

2d - dim n > 0. 

Yet from the maximality of ords( < I ) y |(2)), it follows that 2(i — dim n < 0. Thus 
dim k = d, and in particular ,M/(2) = k = A[5]. Thus by Lemma 12.61 A[5] is 
unramified at 2. Note that this same construction can be applied mutatis mutandis 
when 2 is replaced by 3. Since A[5] is unramified at 2, it follows from a standard 
patching argument l-2(b), p. 44) that A[5] prolongs to a finite group scheme 
over Z[\\. Thus we may now apply Theorem 12, 5( and conclude that there exists an 
exact sequence of group schemes over Z[|] 

— > nf — > A[5] — > (Z/5Z) n — > 

where m + n = 2d. It now remains to show that m = n = d. 

Let A' = A/[i™. The morphism A ^ A' induces a proper map (Z/5Z) n = 
j4[5]//4P — * A'. By an fppf abelian sheaf argument, we see that this map is a 
categorical monomorphism and hence by EGA IV3 8.11.5 a closed immersion. 
Specializing to the fibre over F5 we find that 

(Z/5Zr^4- 6 [5]. 

The p-rank of the p-torsion subgroup of an abelian variety over an algebraically closed 
field of characteristic p is at most the dimension d, with equality only if A is ordinary 
at p. Thus n < d. Applying the same argument to A we find that m < d and thus 
n = m = d, and A has ordinary reduction at 5. Since ordinary reduction is preserved 
under isogeny, we are done. □ 

We now divide our proof by contradiction into two cases. In the first case we 
assume that A has mixed reduction at at least one of 2 or 3 (i.e. the connected 
component of the special fibre is the extension of a non-trivial abelian variety of 
dimension a p ^ by a torus of dimension t p = d — a p ). In the second case we assume 
that A has purely toric reduction at both 2 and 3. 

2.4 A has Mixed Reduction at 2 or 3. 

Let ord5($^(2)) be maximal. Then from Lemma \2 . 81 there is an exact sequence over 
Z[j] 

— >/4 — ► A[5] — ► (Z/5Z) d — ► 0. 
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If A has mixed reduction at 2 then ai > 0, and «M/(2) has rank + 2a<i = <i+ a<i > d. 
In particular, k := 7W/(2) n /Ug is nontrivial and defines a diagonalizable Gal(Q/Q)- 
submodule of A[5] (here we use the fact that every subgroup of /ij^Q) is Gal(Q/Q) 
stable). We now apply Theorem 12.21 Let A' = A/k. We find that 

ord 5 ($ A ,(2)) - ord 5 (^(2)) = dim KDM t (2) + dim kD M f {2) -dim k. 

Since /?CM/(2), the last two terms cancel, and ords($ y |,(2)) is also maximal. Hence 
we may repeat this process, thereby constructing morphisms A — ► A^ with larger 
and larger kernels K n , where K n has a filtration by copies of the finite group scheme 
M5- 

Lemma 2.9 Any extension of diagonalizable group schemes of 5-power order over 
Z[g] is diagonalizable. 

Proof. By taking Cartier duals, it suffices to prove the analogous statement for 
constant group schemes: Any extension of 5-power order constant group schemes 
over Z[|] is constant. The action of Gal(Q/Q) on any such extension is unramified 
outside 2 and 3, and acts via a 5-group. Since p-groups are solvable, it suffices to 
prove that there are no Galois 5-extensions of Q unramified outside 2 and 3. Easy 
class field theory (for example, the Kronecker-Weber theorem) shows that no such 
extensions exist. □ 

Thus we have proven that for all n, there exist exact sequences 

— K n — » A[5 k ^] -^M n ^0. 

where diagonalizable group scheme, k(n) the smallest integer such that 5 ^ n > 

kills K n , and M n is the cokernel. Hence the variety A/M^ contains the arbitrarily 
large constant group scheme k^, and so, after choosing some auxiliary prime q of 
good reduction, we see that (A/M^)(¥ q ) can be arbitrarily large. This contradicts 
the uniform boundedness of the number of points over ¥ q for all varieties isogenous 
to A (indeed, the number of points for all such varieties is equal). 

If A does not have purely toric reduction at 3, a similar argument applies. 

2.5 A has Purely Toric Reduction at 2 and 3. 

Under this assumption, for p £ {2,3}, we have Mtip) = M.f(p), and so we write 
both as A4(p). Again we assume that ords( < I ) ^(2)) is maximal. In particular, we may 
assume that M{2) = A[S\, that Q(A[5]) is contained in Q(C5,3 1/5 ), and that we have 
an exact sequence of group schemes over Z[|]: 

— ► fif — ► A[5] — ► (Z/5Z) d — ► 0. 

By abuse of notation we may also think of this as an exact sequence of Gal(Q/Q)- 
modules. 
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Lemma 2.10 The Galois modules «M(3) and [if coincide. Equivalently, there is an 
equality of Galois modules: A4(3) = fi^. 



Proof. First we show that M{2) n /if = {0}. If not, then since dim M{2) = d, the 
module Ai(2) would not surject onto (Z/5Z) d , and the elements of A4(2) could not 
possibly generate A[5] as a Gal(A'/Q)-module 2 . Thus by dimension considerations, 
as a F 5 -vector space, we have that A[5] = /if © M.{2). 

Let L := Q(Cs,3 1/5 ). Then as we have noted, Q(A[5]) C L. Let a generate 
Is(L/Q). From Grothendieck's Theorem ( Theorem 1 1.4|) . we have (a — l) 2 = as an 
endomorphism on A [5]. Thus A4(2) + aM{2) is a well defined X3-module. On the 
other hand, M(2) is a P2(-^/Q)- m °dule, and T3 is a set of representatives for the left 
cosets of V 2 (L/Q) in Gal(L/Q). Thus M{2)+aM{2) is a Gal (L/Q) -module, and so 

M{2) =M(2) + oM{2). 

Since dimf 5 A4(2) = dimF 5 (^4[5]) = 2d, by dimension considerations one must have 
aM{2) n M{2) = 0. 

The decomposition group of L := Q(C5)3 1//5 ) at 3 is the entire Galois group 
Gal(L/Q), and the inertia group X3 is equal to (a). We show that /if C M(3) and 
M(3) C 4_ _ 

Since cr.M(2) n M{2) = {0}, we have ker(cr - 1) C\M(2) = {0}. An element killed 
by a — 1 is exactly fixed by I3. Thus the only elements of vl[5] fixed by Z3 are those 
in /X5. Since (by Lemma l23|) A4(3) is unramified at 3, we have A4(3) C /x^. On the 
other hand, |A4(3)| > |A?(3)| = 5 d = \f4\. Thus we are done. □ 

We now apply Theorem 12.21 again with K = M(3)= ni If A' = A/i4, then since 
M(3) = M{3), we have i(A',5,3) = i(A,5,3) + 1 > 2. On the other hand, we see 
from the exact sequence for A[S\ that (Z/5Z) d C -A' [5]. By Theorem 12.41 and the 
proof of Lemma 12.81 we infer that there exists an exact sequence of group schemes 
over Z[g]: 

— ► (Z/5Z) d — » A' [5] -^fxf^O. 

Replace A by A' . Since Q(j4[5]) is unramified at 3, we know that is must be contained 
within Q((5, 2 1//5 ). Since A is ordinary at 5, however, we may prove more. 

Lemma 2.11 The field Q(A[5]) is Q(Cs)- There is only one prime above 3 in the 
extension Q(A[5])/Q. 

Proof. Consider the action of T5 on A [5]. By Lemma 12.81 A is ordinary at 5. Thus 
A [5] as an 25-module is an extension of a constant module of rank d by a cyclotomic 

2 Another way to reduce to the case where A4(2) fl /if = {0} is as follows: if this intersection was 
nontrivial, we could take quotients repeatedly until the resulting intersection was trivial. If this process 
repeated indefinitely, we could apply the arguments of section ^. 4l to produce a contradiction. 
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module of rank d. The (Z/5Z) rf inside A[<5] must intersect trivially with this cyclo- 
tomic module. Thus it provides a splitting of A[5] as an Zs-module into a product 
of a cyclotomic module and a constant module. Thus Qs(^4[5]) is unramified over 
<Q>5(C5)- The maximal extension of Q(Cs) inside K unramified at 1 — Cs is Q(Cs> 18 1 / 5 ). 
Since Q(A[5]) is also unramified over 3 (as i(A,5,3) > 2), Q(j4[5]) must be exactly 
Q(Cs)- The second statement of the lemma clearly follows from the first. □ 

The second part of Lemma 12.111 implies that A4(3) is a Gal(Q/Q)-module, as 
in pQ. Applying Theorem 12.21 once more, with k = «M(3) = Ai(3), and setting 
A' = A/k, we find that 

i(A',5,3) = i(A, 5,3) + 1 > 3. 

Replace A by A'. In particular, Q(^4[5 2 ]) is unramified at 3. Thus by Theorem 12.51 
there exists a filtration of group schemes over Z[^]: 

— > M — ► A[5 2 } — ► C — ► 

where M is a diagonalizable group scheme, and C is a constant group scheme. Let 
q G Z be a prime of good reduction. We observe that the varieties AjM and A/C v 
contain constant subgroup schemes of order #C and #M respectively. It follows 
from Weil's Riemann Hypothesis that abelian varieties of dimension d over ¥ q have 
at most (1 + ^/q) 2d points. Thus #C < (1 + ^/q) 2d and #M < (1 + ^) 2d , and 

5 4rf = #A[5 2 ] = #C#M < (1 + VQ) M - 

Choosing q = 7, say, then since 5 > 1 + v7, we have a contradiction if d > 0. This 
completes the proof of Theorem 11.21 except for Theorem I2.4| which we prove now. 

3 Group Schemes over Z[l/6]. 

First, some preliminary remarks on group schemes. Here we follow Schoof |12j . 

Let (l,N) = 1. Let C_ be the category of finite group schemes G over Z[l/iV] 
satisfying the following properties: 

1. G is killed by I: G = G[l]. 

2. For all p\N, the action of a £ Z p on G(Q p ) is either trivial or cyclic of order I. 

For example, Z/ZZ and m are objects of C_. As remarked in |12j . this category 
is closed under direct products, flat subgroups and flat quotients. Thus, to prove 
that any object of C has a filtration by Z/ZZ and Hi it suffices to show that the 
only simple objects of C are Z/ZZ and If A/Q is a semistable abelian variety 
with good reduction at primes not dividing N, then from Theorem 11.41 we have 
A[l] G C_. Another class of examples are the group schemes G e defined by Katz- 
Mazur ([7j Chapter 8, Interlude 8.7, ^2); for any unit e G Z[l/iV] they construct a 
group scheme G e G C of order Z 2 killed by /. G e is an extension of Z/ZZ by and 

G £ (Q) = Q(Ci,e 1/I )- 
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Let N = 6 and 1 = 5. To prove that the only simple objects of C are ^ and 
Z/5Z, it suffices to show that the Q points of any object of C_ are defined over the 
field K, where K = Q((s, 2 1 / 5 , 3 1 / 5 ), because of the following result: 

Lemma 3.1 Let G/1*[l/N] be a simple group scheme killed by I, where (N,l) = 1. 
Let L = Q(G(Q)) and suppose that Gal(L/Q((j)) is an l-group. Then G is either 
TLjVL or hi. 

Proof. Since any /-group acting on (Z/7Z) rf has at least one (in fact I — 1) nontrivial 
fixed point, there exists a point P of G defined over Q(0). Since G is simple, P 
generates G as a Galois module and thus Q(G) C Q(Ci). In particular, G is unramified 
outside I, hence unramified at each prime dividing N. Thus G prolongs to a finite 
group scheme over Z, killed by I, and with Q(G) C Since the (I — l)th roots 

of unity are in F ; *, and since all irreducible F; representations of the abelian group 
Gal(Q((^)/Q) are one dimensional, any simple subgroup scheme of G has order I. 
From Oort-Tate the finite group schemes of order I over Z are Z/ZZ and fn. □ 

Let G be an object of C_. To prove that Q(G) C K it clearly suffices to prove the 
same inclusion for any group scheme which contains G as a direct factor. Consider 
the field L = Q(G x G_i x G 2 x G3). One sees from the definition of G t that 
K := Q(Cb,2 1/5 ,3 1/s ) C L. We prove that L = K. Using the estimates of Fontaine 
we obtain an upper bound on the ramification of L at 5. Since inertia at 2 and 3 
acts through a cyclic subgroup of order 5, we also have ramification bounds at 2 and 
3. As in Schoof |12j and Brumer-Kramer pQ, we obtain the following estimate of the 
root discriminant 

5 L := lA^/^Q] < 5 1+ ^i2 1 -h 1 -^ = 5 5 / 4 6 4 / 5 = 31.349 < 31.645. 

Note that this is not only an inequality of real numbers: one also has that as algebraic 
integers 5 5 / 4 6 4 / 5 is divisible by 5l, and the ratio has nontrivial 5-adic valuation. From 
the discriminant bounds of Odlyzko jSJ, under the assumption of GRH, one concludes 
that [L : Q] < 2400 and thus [L : K] < 24. In particular, L/Q is a solvable extension, 
and thus we can apply tools from class field theory. 

Remark. The methods of Odlyzko jS] give a general technique to bound the root 
discriminant of a number field K/Q. One obtains an estimate of the form 5k > j( n )i 
where n = [K : Q] and 7(2;) is an explicitly calculable continuous convex function 
of x. Under the assumption of the Generalized Riemann Hypothesis, one obtains 
similar bounds, with 7 replaced by some larger (still convex) function 7'(x). Both 7 
and 7' have finite limit as x goes to 00. In fact, 

lim j(x) = Aire 1 = 22.38, lim j'(x) ~ 41. 

x >oo x too 

In particular, without the GRH, the estimate 5l < 31.349 does not imply the degree 
[L : Q] is bounded, which might allow us to compute L explicitly. In the calculations 
of Fontaine, Schoof and Brumer-Kramer, all root discriminant estimates fall within 
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the unconditional (on GRH) bounds of Odlyzko and so allow the use of unconditional 
estimates. 



Our calculations in this section could be shortened by more reliance on computer 
calculation. However, for exposition we include as much class field theory as we can 
do by hand. This leads us to consider several group theory lemmata which allow us 
to do computations in smaller fields. 

The root discriminant of K is 5k = 5 23 / 20 6 4//5 . Since the exponents of 2 and 3 in 
5k equal those for 5l, the extension L/K is unramified outside primes lying above 5. 
Let F = (HCs^ 1 / 5 ) (F can also be written as Q(Cs,18 1/5 ) or Q(£ 6 , 24 1 / 5 )). Then 
F/Qfa) is unramified at 1 — £5. The prime 1 — £5 splits completely in F. If irpi 
for i = 1, . . . , 5 are the primes above 1 — £5, then Np/Q^p^) = 5. The extension 
K/F is totally ramified at all primes npi. Equivalently, irp^ = 7r|U. f° r an h an d 
Nk/q(t^ K,i) = 5. Let us consider the factorization of %K,i i n L. Since L/Q is Galois, 
the ramification exponents are equal for all i. Thus we may write 



3=1 



r L/ K^-L/ K f L/ K = [L:K]. 



3.1 L/K Tame. 

In this section we assume that L/K is a tame extension, and prove that L = K. 
Lemma 3.2 [L : K] < 10. 

Proof. Since L/K is tame, S^/Jf = Tli=i ^=1* Pi L / K where Dl/k is the differ- 
ent. Thus 

5 

A AT /rr\ \ TT r L/KfL/K{^L/K-^) 

^L/K = N L/K (^L/K) = [[^K,i 

1=1 

Since N K/Q (TT K ,i) = 5, ovd 5 (N K/Q (A L/K )) = 5[L :K\(1- l/e L/K ) < 5[L : K\. Using 
the transitivity property of the discriminant JH] we find 

5 L = 5 K - N k/q (A l/k ) 1/[L:Q] < 5 K ■ 5 5 /^ = 5 2 3/20 6 4/5 5 5/ioo = 28 _ 925 _ 

If [L:Q}> 1000, then assuming the GRH, 5 L > 29.094 by [S]. This is a contradiction 
to the above upper bound, so [L : K] < 10. □ 

Remark. If 5 | [L : K] and [L : K] < 10 then [L : K ] = 5 and Gal(L/K) is tame if 
and only if it is unramified. We shall consider the case L/K unramified of degree 5 
in section Therefore we assume for now that [L : K] has order coprime to 5. 

Lemma 3.3 Let T be a finite group, and let V = [r, T] be its commutator subgroup. 
Suppose moreover that T/V = Z/5Z, and \T'\ > 10. Then T = Z/5Z. 
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Proof. Assume that |r'| < 10. It suffices to show that T is abelian, since then 
r' = (1) and r ~ Z/5Z. If V has order 5, then F has order 5 2 and is necessarily 
abelian. Thus V has order coprime to 5, and thus there exists a section Z/5Z — ► T. 
The action of Z/5Z on P* by conjugation induces an automorphism of V. Since for 
all groups V of order less than 10, |Aut(P)| is coprime to 5, this action must be 
trivial, and thus T is abelian. □ 

Lemma 3.4 If the extension L/K is tame and of degree coprime to 5, then L = K . 

Proof. Let J be the field Q(C5> 2 1 / 5 ). We have the following exact sequence of groups 

— ► G&\{L/K) — ► Gal(L/J) — ► Z/5Z — ► 0. 

The extension L/J is Galois since L/Q is Galois. By Lemma 13.21 [L : K] < 10. 
Thus by Lemma 13.31 either L = K or Gal(L/iT) is not the commutator subgroup of 
Gal(L/J). Since by assumption [L : K] has order coprime to 5, either L = K (in 
which case we are done) or G&l(L/J) ab is not a 5-group. Hence J admits a Galois 
extension E/J contained in L, and of order coprime to 5. 

Sub-lemma 1 E/J is unramified at 2 and 3. 

Proof. Let p £ {2,3}. Consider ramification degrees e p . One has 

e p (E/J) | e p (L/J) = e p (L / K)e p (K / J) . 

Moreover, L/K is unramified at primes above 2 and 3, and [K : J] = 5. Thus 
e p (E/J) is either 1 or 5, and thus must be 1, since 5 \ [E : J]. □ 

(Continuation of Proof of Lemma 13. 4|) Thus E/J is a non-trivial abelian ex- 
tension of degree coprime to 5, unramified outside the unique prime ttj above 5, and 
tamely ramified at ttj. Such extensions are classified by class field theory. One has 
by pari that Cl(Oj) = 1. On the other hand, J/Q is totally ramified at 5, and so 
(Oj/kjOj)* ~ F5 which is generated by the global unit (1 + y/5)/2 = -2. Thus E 
does not exist. This proves that L = K. □ 

3.2 L/K Wild. 

Recall that [L : K] < 24. In this section, we assume that L/K is wildly ramified and 
of degree 10, 15 or 20, and leave [L : K] = 5 until the next section. 

Lemma 3.5 Let H be a group of order 10, 15 or 20. Let T be an extension ofL/SL 
by H . Then T ab is not a 5-group. 

Proof. Let H' ~ Z/5Z be a 5-Sylow subgroup of H. Since 5(1 + 5) > 20, H' is the 
unique 5-Sylow subgroup of H. Thus H' is preserved under automorphisms of H. 
Conjugation on H by an element of T is an automorphism, and thus gH'g^ 1 = H' 
for any g in T. In particular, H' is normal in V. The quotient group T/H' has order 
equal to \H\. Thus T/H', like H, has a normal 5-Sylow subgroup and hence has an 
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abelian quotient of order 2, 3 or 4. Since this quotient is also a quotient of T, the 
lemma is proved. □ 



Let J be the field Q(Cs> 2 1 / 5 ). We have the following exact sequence of groups 

— ► Gal(L/K) — ► Gal(L/J) — ► Gal{K/J) — ► 0. 

By Lemma l3.5| Gal(L/J) afe is not a 5-group. Thus J admits an abelian extension 
of degree coprime to 5, contained in L. The non-existence of such an extension was 
proved during the proof of Lemma 13,41 

3.3 L/K of degree 5. 

To finish the proof of Theorem 12.41 we must consider the cases where L/K is either 
wildly ramified of degree 5, or unramified of degree 5. Assume that we are in one of 
these cases; we shall arrive at a contradiction. Gal(L/Q(£s)) is a group of order 125 
that surjects onto Z/5Z© Z/5Z. There are three groups up to isomorphism with this 
property. All of them admit at least one morphism to Z/5Z with kernel Z/5ZffiZ/5Z 
that factor through the map to Gal (if /Q (£5)). Thus there exists a field L>/Q(Cs), 
contained within K, such that Gal{L/D) ~ Z/5Z © Z/5Z. 

Lemma 3.6 There exists an intermediate field E contained in L and containing D 
such that E is not equal to K and E/D is unramified at primes above 2 and 3. 

Proof. Since the root discriminant of L locally at 2 and 3 is bounded by 2 4 / 5 and 
34/5 reS p ec tively, this lemma is obvious if the root discriminant for D attains these 
bounds, since then any subgroup of G&\(L/D) = Z/5Z © Z/5Z not corresponding 
to K will produce the required E. Thus we may assume that D = Q(p 1 ^ 5 ,Cs) with 
p equal to 2 or 3. Assume that p = 2. The inertia group I^{L/D) is of order 
5, since e$(L/K) = 1 and ez{K/D) = 5. Thus we see that the fixed field E of 
Zz(L/D) C Gal(L/D) is unramified at 3 above D. Moreover, E/D is unramified 
above 2, since L/K and K/D are. Finally, E is not K since K/D is ramified at 3. 
An identical argument works for p = 3. □ 

Lemma 3.7 If D/Q is wildly ramified at 5 then either E/D is unramified at 5 or 
A-e/d = ftf) where ttd is the unique prime above 5 in D. If D is tamely ramified at 5, 
then D = Q(£5,24 1 / 5 ) and A E / D divides (ttd,i ■ ■ - ^D^) 8 , where ttd,i o,re the primes 
in D above 5. 

Proof. Either D/Q is tamely ramified at 5 (in which case it is Q(C5> 24 1//5 )) or it is 
not. Suppose first that D/<Q is wildly ramified. We may assume also that E/D is 
wildly ramified, since otherwise it is unramified, and we are done. Let v^/d denote 
the exponent of ttd in A E / D - Suppose that ve/d — 10- Then N d /q(A e /d) = 

Sbjs = fe,5^/Q(A s/D ) 1/10 ° > 5 23 / 20 5 10 / 100 = 5 5 / 4 . 
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Since Se,5 divides 5l,5, this estimate contradicts the bound given by Fontaine (The- 
orem n~Tjl . Hence Ve/d < 10- On the other hand, we have the following equality 
regarding the different (^3], IV. Prop. 4): 

oo 

Y,<\T i \-\)=V 1fE $) E/D ) 

i=0 

where tte is the prime in E above 7Td, and Tj is the higher ramification group (in the 
lower numbering) at tt E - Thus if ve/d ls the exponent of tie in the different Qe/d 
(equivalently, the exponent of ttd in the discriminant Agm), 

= mod 4 

since | | — 1 is either equal to 4 or 0. Thus since v e /d < 10, we have ve/d = 4 or 8. 
Since we have wild ramification, v E m > e E/D ~ 1- Thus = 8, and A E / D = n r>- 
Suppose now that D = Q(Cs, 24 1 / 5 ). Let 71"^ be the unique prime above tvdj in 
Ok- Let A L j K = (itk,i ■ ■ ■ kk,s) v (note all exponents are equal since L/Q is Galois). 
If v > 10 then 

S L , 5 = 5 K , 5 N K/Q (A L/K )^ 00 > 5 2 3/20 5 50/500 = 5 5/4 

contradicting the bound of Fontaine as above. Note that the only ramification in 
L/D occurs at primes above 5. Thus since v < 10, 



&l/d = A K/D N K/D (A L / K ) | (wd,i ■ ■ ■ KD,l 



\ 40+10 



where the left hand side strictly divides the right as ideals in Oq- If t^d,% occurs in 
A e /d with exponent ve/d then 

Al/d > A| /D = 

and thus ve/d < 10- Since [L : K] = 5, all ramification groups have order 5 or 1, so 
as above, 4\ve/d an d thus ve/d = or 8 for each prime ttdj- In particular A e /d 
divides (ttd,i ■ ■ ■ ttd,5) 8 - D 

Since E/Qis not necessarily Galois, we can not infer in the proof above that ve/d 
is the same for each irui- However, that will not be necessary for the sequel. 



Let us recall now the conductor-discriminant formula (see for example ^Q|> 11-9, 
p. 557). 

Lemma 3.8 (Conductor-Discriminant Formula) Let B/A be an abelian exten- 
sion of algebraic number fields. Then 

A B/A = ]Jf(x) 

x 

where the product runs over all characters of G&l(B/A). 
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Lemma 3.9 If E/D is ramified, and D/Q is wildly ramified at 5 then the conductor 
\e/D i s ^qual to irfj. If D/Q is tamely ramified (and so D = Q(Cs, 24 1 / 5 )J ; then the 
conductor ^e/d divides (ttda ■ ■ ■ ttd^) 2 . 

Proof. The four nontrivial characters of Qal(E/D) ~ Z/5Z are faithful, and have 
conductor ^EjD- Thus by the conductor-discriminant formula (Lemma 13. 8|) . A E / D = 
He/d) 4 - The result then follows from Lemma 13.71 □ 

By Lemma 13.91 the possibilities for E will be constrained by the ray class group 
of f := tt 2 d or (7Td,i ■ ■ ■ ^D,b) 2 ■ We may calculate these groups with the aid of pari. 
The results are tabulated in the table in the appendix ( section l5~T]) . and they indicate 
the proof of Theorem 12.41 is complete, after noting that all cases where the ray class 
field is nontrivial, K is the ray class field, contradicting the definition of E. 

4 N = 10. 

Let us begin by stating the analogs for N = 10 of Theorems 12.41 and 12.51 (another 
special case of Theorem 3.3 and the proof of Corollary 3.4 in |12j): 

Theorem 4.1 Let G/Z[^] be a finite group scheme of 3-power order such that: 

1. Inertia at 2 and 5 acts through a cyclic 3-group. 

2. The action of Inertia on the subquotients G[3 n ](Q)/G[3 n_1 ](Q) is through an 
order 3 quotient for all n. 

Assume the GRH discriminant bounds of Odlyzko. Then G has a filtration by the 
group schemes Z/3Z and fi^. Moreover, if G is killed by 3, then Q(G) C H, where 
K := Q(v / 2, v^) C3); an d H is the Hilbert class field of K , which is of degree 3 over 
K. 

Theorem 4.2 (Schoof) Let p = 2 or 5. Let G/Z{-] be a finite group scheme of 
3-power order such that inertia at p acts through a cyclic 3-group. Then G has 
a filtration by the group schemes Z/3Z and ^3. Moreover, the extension group 
group schemes over Z[^] is trivial, and there exists an exact se- 
quence of group schemes 

— ► M — ► G — >C — >0 

where M is a diagonalizable group scheme over Z[|], and C is a constant group 
scheme. 

We delay the proof of theorem 14.11 until Section 14.11 

The situation for N = 10 is analogous to iV = 6, but one technical difficulty is 
that I p (H/Q) is not a normal subgroup of G&\(H/Q), for either p = 2 or p = 5. We 
do however prove the following: 

Lemma 4.3 The primes 2 and 5 split into exactly 3 distinct primes in H . 
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Proof. The equivalent statement is true with H replaced by K. Thus it suffices to 
prove that 2 and 5 remain inert in the extension H/ K. The easiest way to see this 
is by comparing residue field degrees. H is the compositum of K and the Hilbert 
class field B of Q(20 1 / 3 ). In Q(20 1 / 3 ), the primes above 2 and 5 are not principal (a 
simple check with pari), and so remain inert in B. Thus for p = 2 and p = 5 the 
residue field degree fs/Q = 9- Since for p = 2 and p = 5 one finds that fx/Q = 3, it 
follows that the the primes above 2 and 5 in K remain inert in H. □ 

It follows from Lemma I4.HI that the subgroups T> p (H/Q) are of index three in 
Gal(H/Q). One sees that I p /(H/Q) is a set of representatives for the cosets of 
V P (H/Q) in Gal(H/Q), where {p,p'} = {2,5} (as an unordered pair), since the 
possible fixed fields of T> P (H/Q) are never fixed by 2 p >(H/Q). This leads to the 
following construction: 

Lemma 4.4 Let {p,p'} = {2,5}. Let M C A[3] be a V p (H/Q) -module. Let a G 
Ipi(H/Q) be a nontrivial element. Then 

M =M + aM = M + {a - 1)M 

is a G&l(Q/Q)-module. Moreover, dim(A4) < 2dim(A4) with equality if and only if 
M and (a — 1)M have trivial intersection inside A[3]. 

Proof. By Grothendieck (Theorem II. 4|) one finds that as an endomorphism, for 
a G I p ', we have (a — l) 2 = on A[3]. Thus A4 is an 2p/-module. On the other hand, 
M is a Dp-module, and the coset space Gal(H/Q)/V p (H/Q) is given by X p i(H/Q). 
Thus M is a Gal(iT/Q)-module. The final claim is clear from the construction of 
M. □ . 

We now apply this construction not to A4f(p), as in section l2~3l but to M. t [p). 

Lemma 4.5 Fix p G {2,5} and assume that ords($^(p)) is maximal. Then 

A[3]=M t (p) + M f (p). 

If k = A4t(p), then from Theorem 12.21 

ord 3 ($ y |,(p)) - ord 5 ($^(p)) = dim k n M t {p) + dim kH Mf(p) — dim k. 

Since M.t{p) Q K Pi A4f(p), we find that this quantity is at least 2t p — dim k. By the 
maximality assumption on ord3($^(p)) we conclude that 2t p — dim k < 0. On the 
other hand, by Lemma 14.41 we see that dim/t < 2t p , with equality if and only if M 
and (a — 1)M have trivial intersection inside A[3]. Thus dimK = 2t p , and A4 and 
(a — 1)M have trivial intersection inside -A [3]. By Lemma l2.3| the image of (cr — 1) 
on A\3] for a G Iw is contained within A^2(p')j anc ^ thus has dimension at most t p i . 
This immediately proves that t p < t p >, and by symmetry, that ti = t$. Moreover, 
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equality also forces M.t{v) = K H Mf(p). In particular, dim(M f(p) + Mt{p)) = 
dim(7W/(p) + k) is at least 

dim Mf{p) + dim k — dim k n .M / (p) = dim .M / (p) + dim k — dim M. t (jp) 

which equals {2d — t p ) + 2t p — t p = 2d. In other words, 

A[3]=M t (p)+M f (p). 

□ . 

Lemma 4.6 Let {p,p'} = {2,5}. For ords(^ ^(p)) maximal, Q(A[3]) is unramified 
at p. 

Proof. From Lemma 14.51 we have that A[3] = M.t(p) + A4/(p). Moreover, we have 
a direct sum decomposition 

M t (p)=M t (p)e(a-l)M t (p) 

which follows from the discussion above, since for Mt(p) to have dimension 2t p , 
Mt(p) and (a — l)Mt(p) must have trivial intersection. By definition, X p acts trivially 
on Mf(p). Thus it suffices to show that Z p acts trivially on Mt{p)- Since I p (H/Q) = 
2p(if/Q((^3)) for p £ {2,5} it clearly suffices to show that I P (H/Q(^)) acts trivially 
on Mt{p) considered Gal(#/Q(C3))-module. 

Fix a basis for A4t(p), and choose the corresponding basis for (er — l)Mt(p) 
whose basis elements are (a — 1) of our chosen basis for Mt{p)- Note that (cr — 1) 
fixes (a — l)M.t(p) since (a — l) 2 = 0. Thus with respect to this basis, the action of 
a on Mt{p) is given by the following matrix 

P{a)= {ld t Id, 

where Id, is an element of Mt(¥ p ), the t x t matrices over ¥ p , and p(a) denotes 
the image of a in Gal(Q(M t (p))/Q(( 3 )). By Lemma EHl for r G T p , the module 
(r — 1)^4[3] lies within M. t {p)- Moreover, Mt{p) ^ M.f(p) is fixed by r. Thus with 
respect to our basis the action of r € T p is given by a matrix 



Idi a 
l&t 



for some a G Mt(F p ). It suffices to prove that a = 0, since then we have shown T p 
acts trivially on A[3]. Since 

®(Mt(p)) Q Q(A[3]) c F 

and since [i? : Q(Cs)] = 27, the group C/ generated by (p(o-),p(t)) is a group of 
order dividing 27. Moreover, since all powers of a commute with one another, U 
is a subgroup of GL2(F3[a]). Thus our desired conclusion (a = 0) follows from the 
following result: 
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Sub- lemma 2 Let U C GL2(F3[a]) be a subgroup of order dividing 27 containing 
the elements 

' 1 a\ ( 1 

_ o i y ' V i i 

then a = 0. 

Proof. If {7 is abelian, then the commutator [o~,t] = 1, and one computes imme- 
diately that a = 0. Thus U has order 27. From a classification of all non-abelian 
groups of order 27, we find that [U, U] is central. From [a, r\o — a[a, r] = 0, we infer 
that that a 2 = 2a + a? = 0. In characteristic 3, this proves that a = 0. □ 

Remark. The utility in Lemma 14.61 is that it allows us to reduce arguments for 
N = 10 to the exact analogs of arguments for N = 6. The reason is as follows. When 
ord^(^^(p)) is maximal, Lemma 14.61 implies that Q(A[3]) is unramified at p. Thus 
Q(A[3]) must be a Galois (over Q) subfield of H fixed by all conjugates of the inertia 
group I p (H/Q). The only such fields are thesubfieldsofQ(C 3 ,p /1/3 ). Thus we obtain 
the desired results of section l2~3l without the hypothesis that 1 P (H/Q) is normal in 
Gal(if/Q). 

We may now establish Theorem 11.31 in much the same way as Theorem 11.21 Let 
{p,p'} = {2, 5}. Here are the extra steps required to complete the proof: 

1. For ord3($ y |(p)) maximal, Q(j4[3]) is unramified at p by Lemma l4.6l Thus A[3] 
prolongs to a finite group scheme over Z[l/p'], and from Theorem 14.21 we infer 
there exists an exact sequence of group schemes (over Z[l/p']) 

—> nf —> A[3] — ► (Z/3Z) n — » 0. 

The arguments of Lemma 12.81 apply mutatis mutandis to show that m = n = d 
and A has ordinary reduction at 3. 

2. The arguments of section |2~H and Lemma 12.91 hold with 5 replaced by 3 and "2 
and 3" replaced by "2 and 5". It suffices to show that Q does not admit any 
Galois extensions of order 3 unramified outside 2 and 5. This follows from the 
Kronecker-Weber theorem. 

3. The maximal Galois extension of Q, contained within H and unramified at 

2 is Q^iS 1 / 3 ). Hence the proof of Lemma I2.1UI still applies, since the inertia 
subgroups of Gal(Q(A[3])/Q) when Q (.4 [3]) C Q(C3,5 1/3 ) are normal. Similarly, 
a proof of Lemma 12. 1 II requires us only to note that the maximal unramified at 

3 extension of Q(Cs) inside H is Q(C3> 10 1 / 3 ), which is ramified at 5. 

4. A final contradiction is reached because 

3 4d < (1 + V3) M 

is not true for d > 0. One might remark at this point that since A has good 
reduction at 3, and since A is defined over Q, the rational 3-torsion injects 
into A(Fp)[3°°], as follows from standard facts about formal groups (see, for 
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example, JH). Note this fact is not essential, however, since for any prime q of 
good reduction, an inclusion of a constant group scheme C into A automatically 
reduces to an inclusion C(¥ q ) ^ A(F q ). 

Thus it remains to prove Theorem 14. II 

4.1 Group Schemes over Z[l/10]. 

Since Gal(H /Qfa)) is a 3-group, the discussion at the beginning of section El shows 
that it suffices to prove that if L = Q(G x G-\ xG 2 x G 5 ) then L C H. One has the 
following estimate of the root discriminant for L 

5 L < 3 1+ ^2 1 ~h 1 ~^ = 3 3/2 10 2/3 = 24.118 < 24.258. 

From the estimates of [S] one finds that [L : Q] < 280, and so [L : K] < 16. One 
sees that that K := Q(\^3, \/2, \/5) C L. We wish to prove that Gal(L/K) is 
a 3-group. The root discriminant of K is 5k = 3 7 / 6 10 2//3 , and so L/K is at most 
ramified at primes above 3. Let F = Q( v /Z 3, \/W). Then F/Q( v / ^3) is unramified 
at y/—3. The prime y 7 — 3 splits completely in F, and we write (y/— 3) = 71-^171-^271^,3; 
N F /Q(7TF,i) = 3. The extension if/F is totally ramified at each 7r^j. One has 
= Tr 3 ^^ for all i, and iV"x/Q(7rx,j) = 3. 

4.2 L/iC Tame 

In this section we assume that L/K is a iame extension. 
Lemma 4.7 One /ias [L : K] < 6. 

Proof. Arguing as in Lemma l3~2*l we find that N k /q(A l i K ) < 3 3 l L:K }. Thus 

S L = SkNk^Al/k) 1 ^ < 3 7 /6l 2/3 3 3/18 = 2Q Q82 

Yet from the GRH Odlyzko bound, if [L:Q]> 126, then 5 L > 20.221. Thus we find 
[L: K]< 6. □ 

If [L : K] < 6, then either G&1(L/K) is a 3-group or it surjects onto a nontrivial 
group of order coprime to 3. In the latter case, L would contain an abelian extension 
J/K tamely ramified and of degree coprime to 3. Moreover, since L/K is unramified 
at primes above 2 and 5, a similar conclusion holds for J. 

Lemma 4.8 There are no abelian extensions J/K tamely ramified at primes above 
3 in K, of order coprime to 3, and unramified outside 3. 

Proof. We proceed via class field theory. According to pari, the class number of K 
is 3, its Hilbert class field H being the compositum of K and the Hilbert class field 
of Q(V — 3, v20). Thus by class field theory it suffices (since J/K has order prime 
to 3) to show that global units of Ok generate (Ok/^ka^k^k^)* ■ On the other 
hand, since K/F is totally ramified, we have an isomorphism 

(o k /tt k ,i^k,2^k,3)* ^ {Of/k f ^ f ^f,zY ^f;xf; x ¥* 3 
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Hence it suffices to use global units from Of- Let v = (\/W — l)/y/^3. Then from 
pari we find that the 2 fundamental units of Op are given by 

1 4 1 2 3 1 

e2 = r 4 -r 3+ r 2 -i 

We find that the images of — 1, ei, and £2 in Of/ki x Of 1^2 x Of/^3 are (—1, —1, —1), 
(1, 1, — 1) and (1, —1, 1) respectively. Since these elements generate the group (F3) 3 , 
we are done. □ 



4.3 L/K Wild 

We assume that L/K is wildly ramified at 3, and (for the moment) not a 3-group. If 
Gal(L/K) ab is not a 3-group, then there would exist a corresponding extension J/K 
tame of order coprime to 3. Since no such extensions exist (see the tame case), we 
may also assume that Gal(L / K) ab is a 3-group. Let V denote the group Gal(L/K). 
There should be no confusion between the group T and the group scheme T, which 
will not appear again. Let n = \T\. Since n < 16, we have n £ {6, 12, 15}. All groups 
of order 15 are abelian. If n = 6, the only non-abelian group is S3. Yet S% b = Z/2Z. 
Thus n = 12. The only group V of order 12 such that T ab = Z/3Z is the alternating 
group A4, which is a nontrivial extension of Z/3Z by Z/2Z x Z/2Z. 

Lemma 4.9 One has N K/Q (A L/K ) > 3 66 , and N K/Q (A L/K ) < 3 69 . 

Assume the first bound is violated. Then since N k /q(A l / k ) = 3 3k for some k, it 
must be bounded by 3 63 . Since [L : Q] = 12 x 18 = 216, 

S L = SkNk/^Al/k) 1 /^ < 3 7/6 10 2/3 3 63/216 = ^ggg < 23 . 89. 

Yet from the GRH Odlyzko bound, 5l > 23.089. The other inequality is violated if 
and only if N L / K (A L / K ) > 3 72 . Yet in this case, 

S L = 5 K N K/Q (A L/K ) 1 /^ > 3 7/6 10 2/3 3 72/216 = 38/2^2/8 

Since 5l < 3 3 / 2 10 2 / 3 by the Fontaine bound, this is a contradiction and thus we are 
done. □ 



Denote the primes in L above txk,% by pij. Fix a prime p = pjj, and let Tq C T (re- 
spectively, Ti C T) be the inertia (respectively wild inertia) subgroup corresponding 
to p. Since L/Q is Galois, these groups are well defined up to conjugation. Moreover, 
T\ is normal in Tq, and Tq/Ti has prime to 3 order. Since L/Q is Galois, is de- 
termined by p up to conjugation. Let us simplify some notation. Let v = v p (T>f/k)i 
f = fi/Ki e = e L/K-> r = r L/K- We have standard equalities 

3 r 3 

= n n ph a ^/k = n 47 n k/q ^ l/K ) = 3^. 

i=l j=l i=l 
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From the previous lemma, 22 < frv < 23. Moreover, fre = [L : K } = 12. Since K/L 
is wildly ramified, 3 divides e. Hence it suffices to show that e = 3, e = 6 and e = 12 
all lead to contradictions. If e = 3, then fr = 4. Yet fr divides 23 or 22, which is 
impossible. Suppose that e = 6. Then |To| =6, and Tq must be a normal subgroup 
of r since it is a subgroup of index 2. If T had such a subgroup, then T ab would not 
be a 3-group. Thus we may assume that e = 12. If e = 12 then the 3-group Ti would 
be a normal subgroup of Tq = T. Since T has no such subgroup, we are done, and 
Gal(L/K) is a 3-group. 

We may therefore assume that L/K is Galois of degree dividing 9, and thus 
abelian. Let ^l/k be the conductor of this extension. 

Lemma 4.10 The conductor fi/K divides (ttk^k^k^) 2 ■ 

Proof. Assume otherwise. Since L/Q is Galois we infer that {t^k^k^k^YWl/k- 
We consider separately the three possible Galois groups. 

Suppose that Qal(L/K) ~ Z/9Z. Then since Z/9Z has six faithful characters, 
by the conductor-discriminant formula (Lemma 13. 8j) . {$l/k)®\ ^l/k- I n particular, if 
{^K^K^K^f^L/K-, then (TT K ,nrK,2^K,3) 18 \^L/K and so 

5l, 3 = 6 K , 3 N K/Q (A L/K f/^ > 3 V6 3 54/i62 = 33/2 

contradicting the Fontaine bound. 

Suppose that Gal(L/K) ~ Z/3Z x Z/3Z. Let Xi for i = 1, . . . , 4 be the four 
characters of order 3 corresponding to the four degree 3 extensions Ki of K inside L. 
Since the compositum K^.Kj = L for i 7^ j, the lowest common divisor (f (Xi) , f(Xj)) 
must equal f^fR f° r an i 7^ J- I n particular, { < \l/k) 2 \ Y\t=i f(Xi)i an( ^ thus since 
there are four non-trivial characters of Z/3Z x Z/3Z, by the conductor-discriminant 
formula ( Lemma 13 .8|) . { ! \l/k) & \^-l/Kj an d (as above) this contradicts the Fontaine 
bound. 



Suppose that Gal(L/i^) ~ Z/3Z. Then by the conductor-discriminant formula 
fLemma I3.8j) . {\l/k) 2 \^-l/Ki an d so 

h,3 = 6 K , 3 N K/Q (A L/K )^ > 3 7 / 6 3 18 / 54 = 3 3 / 2 
contradicting the Fontaine bound. □ 



By Lemma f4.10| since L/K has conductor fi/x dividing f := (ttk,i^k,2^k,3) 2 , 
the possible L are constrained by the ray class group of f. The result is tabulated 
in the table in the appendix (section I5.1|) . In particular, we find that the ray class 
field of conductor f is exactly equal to H, the Hilbert class field of K, completing our 
proof of Theorem 14.11 
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5 Appendix. 



5.1 Ray Class Fields. 

Here are some class field computations done using pari. They took between fifteen 
minutes and an hour each on a Sparc-II ULTRA machine running at 333 MHz. The 
essentials of the pari script are below. 



K 


S K 


f 


IClfl 




523/20 24/5 


-I 


1 


Q(C5,3 1/5 ) 


523/2O34/5 




1 


Q(C 5 ,6 1/5 ) 


5 23/20q4/5 




5 


Q(( 5 ,iz l/5 ) 


5 23/20q4/5 


A 


5 


Q(C 5 ,24V5) 


5 3/4g4/5 


(■KK,1 ■ ■ ■ KK,5) 2 


5 


Q(C 5 ,48V5) 


5 23/20q4/5 




5 


Q(C3,2^, 5 V3) 


3 7/6 10 2/3 




3 



5.2 Pari Script. 

Here is the pari script for fields other than Q(C5, 24 1 / 5 ) and Q(C3, 2 1 / 3 , 5 1 / 3 ), where 
an adjustment must be made since the conductor is of a slightly different form. The 
calculation of the discriminant was included as a check against typographical errors 
in the defining polynomials 3 . 

alio cat ememO 
allocatememO 
allocatememO 
allocatememO 

nf =nf init (poly defining K) ; 
factor (nf [3] ) 
bnf=bnfinit(nf [1] ,1) ; 
pd=idealprimedec (nf , 5) ; 
pdl=idealhnf (nf ,pd[l]) ; 
idealnorm(nf ,pdl) 
pd2=idealmul (nf ,pdl ,pdl) ; 
bnrclassno (bnf ,pdl) 
bnrclassno (bnf ,pd2) 

References 

[1] A. Brumer, K. Kramer, Non-existence of certain semistable abelian varieties, 
Manuscripta Math. 106, 2001, no. 3, 291-304. 

3 Bjorn Poonen points out to me that as written, this pari program assumes the GRH during compu- 
tation. One may remove this assumption from the calculation using bnf certify. 



23 



G. Faltings, Endlichkeitssatze fur abelsche Varietdten iiber Zahlkdrpern, Invent. 
Math. 73, 1983, 349-366. 

J. Fontaine, // n'y a pas de variete abelienne sur Z. Invent. Math. 81, 1985, no. 
3, 515-538. 

A. Grothendieck, Groups de monodromie en geometrie algebrique I, (SGA VII), 
Seminaire de Geometrie Algebrique du Bois-Marie, 1967-1969, Lecture Notes in 
Math., vol 288. Springer- Verlag, Berlin and New York, 1972, 313-523. 

, Elements de geometrie algebrique. IV. Etude locale des schemas et des 

morphismes de schemas IV. (EGA IV), Inst. Hautes Etudes Sci. Publ. Math. 
No. 32, 1967. 

N. Katz, Galois properties of torsion points on abelian varieties. Invent. Math. 
62, 1981, no. 3, 481-502. 

, B. Mazur, "Arithmetic Moduli of Elliptic Curves", Annals of Math. 



Studies 108, Princeton University Press, Princeton, 1985. 

J. Martinet, Petits discriminants des corps de nombres, Journees Arithmetiques 
1980, London Math. Soc. Lecture Note Series 56, Cambridge Univ. Press, 1982. 

B. Mazur, Modular curves and the Eisenstein ideal, Publ. Math. I.H.E.S. 47, 
1977, 33-186. 

J. Neukirch, "Algebraische Zahlentheorie" , Springer- Verlag, 1992. 

F. Oort and J. Tate, Group schemes of prime order, Ann. Scient. Ecole. Norm. 
Sup. (4) 3 1970, 1-21. 

R. Schoof, Semi-stable abelian varieties over Q with bad reduction in one prime 
only, Preprint. 

J-P. Serre. "Local Fields" . Springer- Verlag, Graduate Texts in Math. 67. 
Email address: fcale@math.berkeley.edu 



24 



